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Exact solutions of sine Gordon and multiple sine Gordon equations are 
constructed in terms of solutions of a linear base equation, the Klein Gordon 
equation and also in terms of nonlinear base equations where the nonlinearity is 
polynomial in the dependent variable. Further, exact solutions of nonlinear 
generalizations of the Schrodinger equation and of additional nonlinear general- 
izations of the Klein Gordon equation are constructed in terms of solutions of 
linear base equations. Finally, solutions with spherical symmetry, of nonlinear 
Klein Gordon equations are given. 
In recent papers (1-3) exact solutions of nonlinear partial differential equations 
in terms of solutions of linear and nonlinear base equations have been discussed. 
The results are generalizations of similar methods for construction of solutions 
of nonlinear differential equations in one variable (3-5). In particular, the non- 
linear generalization of the Klein Gordon equation 
+ rnz/l + a,c12P+’ + brl”p+l = 0 
has been shown (2) to have solutions expressible in terms of solutions of the Klein 
Gordon equation 
In Eqs. (1) and (2), x,, is a time variable, n is the number of space like dimensions 
and rn?, a and b are arbitrary constants. 
In this paper several new results are established. First, solutions of two 
nonlinear partial differential equations in which the nonlinearity is not a simple 
polynomial are constructed in terms of solutions of both linear and nonlinear 
base equations. Next, solutions of equations similar to Eq. (1) are constructed in 
terms of solutions of linear base equations. Finally new solutions of Eq. (1) 
which exhibit spherical rather than plane symmetry are given. 
135 
0022-247X/78/0661-0135$02.00/0 
409/66/I-10 
Copyright Q 1978 by Academic Press. Inc. 
All rights of reproduction in any form reserved. 
136 PHILIP B. BURT 
The first case considered is the sine Gordon equation 
SW n a*w 
-- 
ax,* i=l w 
c + -$ sin(aw) = 0 
This equation has been studied for many years, especially for tl = 1 (6-7). It 
has applications in many areas of physics (8-9). Expanding sin(aw) in a series 
one sees that the sine Gordon equation is a nonlinear generalization of the Klein 
Gordon equation with non polynomial nonlinearity. 
For functions u which satisfy the differential equation 
a*u * as -- 
ax,* c- i-1 w 
+m2u + au3 = 0 
and the condition 
($)*-$($,“-(1 --2)(m2+a)U2=0 
(4) 
a solution of Eq. (3) is 
w = 2 sin-’ II 
a (6) 
as may be verified by differentiation. Solutions of Eq. (4) in terms of solutions of 
the Klein Gordon equation have been constructed previously (l-2). One has 
where 
and provided 
( 
au* --1 
u=w 1-m) 
a% n a*v -- 
ax,2 c-- i=l w 
+ m*o = 0 
(7) 
(8) 
In order for u of Eq. (7) to satisfy Ed. (5) the additional condition 
a=-2m2 (10) 
must be imposed. Thus, in terms of solutions of the linear base equation, 
particular solutions of the sine Gordon equation are 
W = a sin-l[2w(l + v*)-11 (11) 
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The function v  must also satisfy the additional condition, Eq. (9). For the 
solutions of the nonlinear base equation, Eq. (5) is the generalization of the 
additional restriction, Eq. (9), for the solutions of the linear base equation. In 
(1) it has been shown that Eq. (9) is necessary and sufficient for the function v-l 
to be a solution of the Klein Gordon equation if v  is. 
Solutions of the sine Gordon equation equivalent to Eq. (11) are 
4 
w =-tan-la a (12) 
or 
4 
w = - cotan-’ v  
a (13) 
where v  satisfies Eq. (8)-(g). 
A generalization of the sine Gordon equation, sometimes referred to as a 
multiple sine Gordon equation (IO), is 
8A R a2A 
ax02 c- i=l axi 
+ $ sin(aA) + & sin(2aA) = 0 
I f  Y is a solution of the equation 
av n a2Y - - 
ax02 lx - + (m2 + b)Y + DY3 + BY” = 0 i=l axi 
subject to the condition 
- (m2 + 3b + D) Y2(1 - Y’) + (2b - B) Y4(1 - Y’) 
then a soIution of the multiple sine Gordon equation, Eq. (ld), is. 
A = 5 sin-r Y 
(14) 
(15) 
0 (16) 
(17) 
As previously the proof is by differentiation. Eq. (15) is a special case of Eq. (1). 
At this point it is necessary to correct some misprints in the solutions given in (2). 
Eq. (12) of (2) should read 
a = 1, b = +A,/(??2 - 2) iv*, c=;‘+h,/4(m-l)M2 (18) 
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while Eq. (10) of (2) should read 
@ zzz [@I + A,zP’:‘(m - 2) M” + h,2/4(m - 2)%P + h,/4(m - I) Wp’V 
(19) 
In order to conform with the notation of Eq. (I), replace m by -2~. lLIaking the 
changes in notation appropriate for Eq. (15), a solution I’ of Eq. (15) is 
Y = [l - Du2:4(m2 + b) + D2u4j64(mz + b)” - Bu’ 12(m” + b)]-“% (20) 
where u is a solution of the Klein Gordon equation 
&I R && __ - ax,” c ~ + (m2 + b)u == 0 i=l a.q2 
subject to the condition 
($,’ - gl (z,” + W + W u2 = 0 ‘0 
In order to satisfy the condition Eq. (16) the constants D and B must be 
D = -2(m* + 26) (23) 
B = 3b (24) 
Thus a solution of the multiple sine Gordon equation is, using Eqs. (23)-(24) 
A = 5 sin-l [ 1 + g (1 + b;(m2 + b)) + $ (1 - b/(m” + b))2]p1”u (25) 
where u satisfies Eqs. (21)<22). 
As in the discussion of the sine Gordon equation, Eq. (16) is the generalization 
of the condition in Eq. (22) for the nonlinear base equation, Eq. (15). 
As specific examples of Eq. (25) choose first (for n = 1) 
(26) 
where, to satisfy Eq. (21) and Eq. (22) 
k,2 - k2 = m2 
By suitable choice of the constant d one has 
(27) 
A = 2 sin-l{[2(m2 + b)/{2b + m2 cos2(kGo - kx)}]1/2} (28) 
This is an infinite wave train provided b and m2 are chosen so that the argument 
of sin-l is always less than unity. 
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Next, let 
where Eqs. (21) and (22) require 
k’ - k,2 = ,,3 
(29) 
(30) 
Once again suitable choice of d gives 
A = isin-’ ~[(l/2)&cosh2(kOxu - kx) + (l/2) ~2~~]-1’2/. (31) 
For 6 > 0 this function describes a localized traveling pulse or soliton. 
The next types of nonlinear equations considered are similar to Eq. (1). 
Specifically, solutions are constructed for the nonlinear Schrodinger equation 
Si s+glg + a / A p A + 6 / A 14P A : 
0 . E 
and for the nonlinear Klein Gordon equation 
a23 __ - 
ax,2 I- 
n b2B +?&+a,BpB+bIB14PB 
i-1 “i2 
If  we assume that 
L4 = j -4 / p-‘-J 
3 = , 3 , e-iwl 
then Eqs. (32) and (33) reduce to the general form 
n $R 
cc- + fR + gR”pfl + dRQ+l = () i=l ax,2 
= 
0 (32) 
q O (33) 
(34) 
(35) 
(36) 
where R is a real function,f, g and dare constants. This is a special case of Eq. (1) 
and solutions can be constructed from the results of (2). 
As a specific example consider the nonlinear Schrodinger equation for a = 1. 
Using Eq. (34) one has 
f=E (37) 
The constant E may be positive or negative, corresponding to positive or 
negative energy or unbound or bound systems. The usual requirement in 
physical applications is that the bound state solutions of Eq. (36) must be finite 
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everywhere and vanish sufficiently rapidly for large / x / so that R is square 
integrable. For p > 0 an example of such a solution is, from (2), 
R= 
[ 2(p&E + ((2(p $1)E)I - ~++)Li2Cosh2p(x + xT;3;, 
where X’ is an arbitrary constant. 
To insure that R is everywhere finite it is necessary that 
2(p$)E + NZ(p : 1)E12 - (2p : 1)E r* YT=- O (39) 
and to insure that R is real. 
( g *- 2(P + 1)E 1 (2&E >O (40) 
In the usual physical problem the solutions for E < 0 can only occur for a 
discrete set of values of E-that is, only a discrete set of E satisfy the boundary 
conditions. For the case considered here, however, Eqs. (39) and (40) can be 
satisfied for an E in the continuum. For example, supose g > 0 and E < 0 so 
that Eq. (37) is identically satisfied. Then, Eq. (40) restricts E so that, for d < 0 
(2p+1)g2<E<0 
4(p + l)“d (41) 
Thus, the bound states of the nonlinear Schrodinger equation in one space 
dimension have a continuum or “band” of allowed energies. For p = 1 the 
nonlinear Schrodinger equation has possible applications in nuclear physics (11). 
Finally, we return to Eq. (1) an remark that many solutions constructed by d 
the base equation technique have plane symmetry and are generalizations of 
solitary waves (12). For the special case a = 0 p = $, m = 0 spherically sym- 
metric, time dependent solutions of Eq. (1) have been found (13, 14). Here we 
we will give several new time dependent and time independent, spherically 
symmetric solutions of Eq. (1). 
First, consider the time independent, spherically symmetric case of Eq. (1) 
with m = 0 and n = 3. The differential equation reduces to 
1 d*(rA) --- 
T dr* 
+ .#‘+l + bAQ+’ = 0 (42) 
where 
9 = x1* + x2* + x3* (43) 
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A solution of this equation containing no arbitrary parameters is 
(3 + 1XP - lb 
A = (b(p - 1)2 - p2(2p + 1) U2Y2 ) 
1/2P 
provided p # 0, - 4. For p = 1 this solution vanishes. It is interesting that the 
solution is not an analytic function of the parameters a and 6. For example, for 
p > 0, the value of A for a -+ 0, 6 + 0 depends on the order in which the 
limits are taken. Consequently, one would not expect to obtain the solution in 
Eq. (44) by summing a perturbation series solution of Eq. (40). 
For the special case p = fr the solution in Eq. (44) can be used to construct a 
spherically symmetric solution of the equation 
--gg +m2B j+~~b)'~~B~ +6B3 = 0 
Let 
(46) 
where A is given by Eq. (44) with p = 4. B is a solution of Eq. (43). 
Finally, a generalization of a solution of Eq. (1) given by Petiau (13) for m = 0, 
a=O,p=l is 
A= b2p-’ + 
a 2p+l 
* (X02 - y2)]-1’2p 
provided p # - &. 
This solution also contains no arbitrary parameters and is a non analytic 
function of the parameter a and 6. 
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